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Abstract
In this note, we explicitly describe the automorphism group of the R-algebra of strictly
upper triangular n  n matrices over an arbitrary commutative ring. © 2000 Published by
Elsevier Science Inc. All rights reserved.
Significant research has been done in studying automorphisms of matrix algebras
and their subalgebras. Let R be a commutative ring with identity and Mn.R/ be the
R-algebra of all n  n matrices over R. Isaacs [2] has discussed the automorphism
group of Mn.R/. He pointed out that the automorphisms of Mn.R/ could fail to
be inner and the extent of this failure, however, was under control. Let Tn.R/ be
the R-algebra of upper triangular n  n matrices over R. It was stated in [1] that
every R-algebra automorphism of Tn.R/ is inner provided R is an integral domain. In
Isaacs’ review [3] of this result, he mentioned that the proof was in error (though the
theorem is true) and also suggested that the hypothesis that R is an integral domain
probably could be weakened or perhaps eliminated. Kezlan [6] corrected the error
and generalized the result of [1]. He proved that every R-algebra automorphism of
Tn.R/ is inner.
In this note, we assume that R is an arbitrary commutative ring with identity and
R is the group of invertible elements of R. Denote by Nn.R/, where n is a positive
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integer greater than 1, the R-algebra of strictly upper triangular n  n matrices over
R. The purpose of this note is to describe the automorphism group of the R-algebra
Nn.R/.
Before giving the main result of this note, we first give some preliminary notations
and results.
Let Eij be the standard matrix units for 1 6 i; j 6 n and E the identity matrix. It
is well known that the matrix set fEij j 1 6 i < j 6 ng is a basis of Nn.R/ and for
any X in Nn.R/, we may write X D Pi<j aijEij for aij 2 R. For convenience sake,
in this expression the subscript i can be less than 1 and the subscript j can be greater
than n and we use the convention that the coefficient aij is regarded as zero if i < 1
or j > n in some term aijEij . Assume that
Mr D
8<
:
X
j−i>r
aijEij 2 Nn.R/
 aij 2 R
9=
; ; r D 1; : : : ; n − 1;
and Mr D 0 for r > n. It is clear that each Mr is an ideal of Nn.R/ and X1X2   Xr 2
Mr for any X1;X2; : : : ; Xr 2 Nn.R/. It follows that each Mr is invariant under any
R-algebra automorphism of Nn.R/ and
Mr  Ms  MrCs :
It is not difficult to know that the center of the R-algebra Nn.R/ is Mn−1 D RE1n.
Denote by Aut Nn.R/ the automorphism group of R-algebra Nn.R/. Let 1 be the
identity of Aut Nn.R/. We also denote by 1 the identity subgroup of Aut Nn.R/.
Next, we introduce several types of R-algebra automorphisms of Nn.R/, which
build the automorphism group Aut Nn.R/.
Inner automorphisms: There are no usual inner automorphisms of Nn.R/ since
there are no invertible elements in Nn.R/. However, for any matrix X with entries 1
on the main diagonal in Tn.R/, the restriction to Nn.R/ of the inner automorphism
Y 7! XYX−1 of Tn.R/ is an R-algebra automorphism of Nn.R/. We still call the
restriction an inner automorphism of Nn.R/ and denote it by X. It is clear that
the set of all inner automorphisms of Nn.R/ is a subgroup of Aut Nn.R/, which is
denoted by Inn Nn.R/.
Lemma 1. Inn Nn.R/ G Aut Nn.R/.
Proof. Let  2 Aut Nn.R/, X 2 Inn Nn.R/, where X D E C Z with Z 2 Nn.R/.
We assert that X−1 D X0 , where X0 D E C .Z/. In fact, if X−1 D E C W
with W 2 Nn.R/, then .E C Z/.E C W/ D E. It follows that Z C W C ZW D 0
and so .Z/ C .W/ C .Z/.W/ D 0. Hence, .E C .Z//.EC.W//DE. Thus,
X0−1 D E C .W/. For any Y 2 Nn.R/, we have
X
−1.Y /DT.E C Z/−1.Y /.E C W/U
DY C .Z/Y C Y.W/ C .Z/Y.W/
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D.E C .Z//Y .E C .W//
DX0.Y /:
This completes the proof. 
Let
T n .R/ D
8<
:E C
X
i<j
aijEij
 aij 2 R
9=
;
and
U.R/ D fE C a1nE1n j a1n 2 Rg:
Then we have the following lemma.
Lemma 2. Inn Nn.R/ D T n .R/=U.R/.
Proof. It is easy to know that the map  V T n .R/ ! Inn Nn.R/, X 7! X; is a
group epimorphism and U.R/  Ker . Conversely, let X D E CPi<j aijEij 2
Ker . Then we have XEkl D EklX, which implies thatX
i<k
aikEil D
X
j>l
aljEkj for 1 6 k < l 6 n:
Then it follows that aij D 0 if j − i < n − 1, and so X D E C a1nE1n 2 U.R/.
Hence, Ker  D U.R/. This proves Lemma 2. 
It is clear that the inner automorphism group Inn Nn.R/ is trivial when n D 2.
Diagonal automorphisms: We denote by Dn.R/ the subgroup of GLn.R/ consist-
ing of all diagonal matrices. For any D 2 Dn.R/, the map D V X 7! DXD−1, for
all X 2 Nn.R/, is an R-algebra automorphism of Nn.R/, which is called a diagonal
automorphism. It is clear that DD0 D DD0 for D and D0 in Dn.R/. So the set of
all diagonal automorphisms of Nn.R/ is a subgroup of Aut Nn.R/, which is denoted
by Dig Nn.R/.
It is easy to prove the following lemma.
Lemma 3. Dig Nn.R/ D Dn.R/=RE.
Central automorphisms: Assume that n > 3. For any c D .c2; : : : ; cn−2/ 2 Rn−3.
We define an R-module automorphism c V Nn.R/ ! Nn.R/, the operation of which
on the basis of Nn.R/ is Ei;iC1 7! Ei;iC1 C ciE1n, for 2 6 i 6 n − 2, and Eij 7!
Eij , otherwise. For any A D .aij / and B D .bij / in Nn.R/, we have
c.A/c.B/D
 
A C
 
n−2X
kD2
ak;kC1ck
!
E1n
! 
B C
 
n−2X
kD2
bk;kC1ck
!
E1n
!
DAB:
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On the other hand, since AB 2 M2, we have
c.AB/ D AB:
Hence, c is an R-algebra automorphism of Nn.R/, which is called a central auto-
morphism. It is clear that cc0 D cCc0 for c and c0 in Rn−3. Hence, the set of all
central automorphisms of Nn.R/ is a subgroup of Aut Nn.R/, which is denoted by
Cen Nn.R/. It is isomorphic to the additive group Rn−3.
If A and B are two subgroups of a group, we denote by A B the product of
A and B and by AnB the semidirect product of A and B with B normal. The
following theorem is the main result of this note.
Theorem. Let R be an arbitrary commutative ring with identity. Then
(i) Aut Nn.R/ D Dig Nn.R/ for n D 2.
(ii) Aut Nn.R/ D Dig Nn.R/n Inn Nn.R/ for n D 3.
(iii) Aut Nn.R/ D Dig Nn.R/n .Cen Nn.R/n Inn Nn.R/) for n > 4.
Proof. Let  be any R-algebra automorphism of Nn.R/. Assume that
.Ei;iC1/ 
n−1X
jD1
ajiEj;jC1 mod M2; i D 1; : : : ; n − 1: (1)
In view of the proof of the theorem in [6], we have aii 2 R, i D 1 : : : ; n − 1.
If n D 2, then the operation of  on the basis element E12 of Nn.R/ is E12 7!
aE12 for a 2 R. It is clear that  D D , where D D diagf1; a−1g.
If n D 3, then applying  to the equalities E212 D 0 and E223 D 0, respectively, by
(1) we obtain
a11a21 D 0 and a12a22 D 0:
Since a11; a22 2 R, a21 D a12 D 0. Set D D diagf1; a−111 ; .a11a22/−1g. Then −1D 
acts trivially on Ei;iC1 mod M2, i D 1; 2. Assume that
−1D .Ei;iC1/ D Ei;iC1 C biE13; i D 1; 2:
Set X D E C b2E12 − b1E23. Then
−1X 
−1
D .Ei;iC1/ D Ei;iC1; i D 1; 2:
Hence, −1X 
−1
D  D 1 and so  D DX. It is easy to know that any inner automor-
phism acts trivially on Ei;iC1 mod M2; i D 1; 2, and a diagonal automorphism which
acts trivially on Ei;iC1 mod M2; i D 1; 2, must be the identity automorphism. So we
have Dig Nn.R/ \ Inn Nn.R/ D 1. Thus, the theorem is true for n D 3.
Now consider the case n > 4. We first assert that on the right-hand side of (1) all
coefficients aij D 0 for i 6D j . That is,
.Ei;iC1/  aiiEi;iC1 mod M2; i D 1; : : : ; n − 1: (2)
In fact, if some apq 6D 0 with p 6D q , we will conclude a contradiction. If p D 1,
applying  to the equality Eq;qC1E23 D 0, we obtain
Y.A. Cao, J. Wang / Linear Algebra and its Applications 311 (2000) 187–193 191
n−1X
jD1
ajqEj;jC1
n−1X
kD1
ak2Ek;kC1  0 mod M3:
There is a term a1qa22E13 on the left-hand side of the above equality. It follows
that a1qa22 D 0 and so a1q D 0, a contradiction. If p > 1, applying  to the equality
Ep−1;pEq;qC1 D 0, we obtain
n−1X
jD1
aj;p−1Ej;jC1
n−1X
kD1
akqEk;kC1  0 mod M3:
There is a term ap−1;p−1apqEp−1;pC1 on the left-hand side of the above equality. It
follows that apq D 0. Again, we get a contradiction. Thus, (2) is true. Set
D D diagf 1; a−111 ; .a11a22/−1; : : : ; .a11 : : : an−1;n−1/−1g:
Then
−1D .Ei;iC1/  Ei;iC1 mod M2; i D 1; : : : ; n − 1: (3)
Next, we use induction on t to prove that there exist inner automorphisms Xt of
Nn.R/ such that
−1Xt 
−1
D .Ei;iC1/
 Ei;iC1 mod Mt; i D 1; : : : ; n − 1; t D 2; : : : ; n − 1: (4)
By (3) we get that (4) is true for t D 2. Next assume that (4) is true for t with
2 6 t 6 n − 2, and
−1Xt 
−1
D .Ei;iC1/
 Ei;iC1 C
n−tX
jD1
bjiEj;jCt mod MtC1; i D 1; : : : ; n − 1: (5)
We assert that bji D 0 in (5) for j 6D i; i C 1 − t . Otherwise, say some bpq 6D 0
with p 6D q; q C 1 − t . If p < n − t , then applying −1Xt −1D  to the equality Eq;qC1
EpCt;pCtC1 D 0, we obtain
bqC1;pCtEq;qC1Ct C bpqEp;pCtC1  0 mod MtC2:
It follows that bpq D 0, a contradiction. If p D n − t , then applying −1Xt −1D  to the
equality Ep−1;pEq;qC1 D 0, we obtain
bpqEp−1;pCt C bq−t;p−1Eq−t;qC1  0 modMtC2:
It follows that bpq D 0. Again, we get a contradiction. Thus, we may write
−1Xt 
−1
D .Ei;iC1/
 Ei;iC1 C biC1−t;iEiC1−t;iC1 C biiEi;iCt mod MtC1; i D 1; : : : ; n − 1:
(6)
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In order to prove that (4) is true for t C 1, we again use induction. Assume that there
exists an inner automorphism Yk−1 such that
−1Yk−1
−1
Xt
−1D .Ei;iC1/  Ei;iC1 mod MtC1; i D 1; : : : ; k − 1;
and
−1Yk−1
−1
Xt
−1D .Ei;iC1/
 Ei;iC1 C biC1−t;iEiC1−t;iC1 C biiEi;iCt mod MtC1; i D k; : : : ; n − 1:
Here the coefficients biC1−t;i ; bii are different from those in (6). Set Z D E C
bkC1−t;kEkC1−t;k − bkkEkC1;kCt and Yk D Yk−1Z. Then for 1 6 i < k we have
−1Yk 
−1
Xt
−1D .Ei;iC1/  Ei;iC1 C i;k−t bkC1−t;kEik mod MtC1; (7)
where i;k−t is the Kronecker delta. In fact, if i D k − t , then bkC1−t;k D 0 on the
right-hand side of (7). For applying −1Yk−1
−1
Xt
−1D  to the equality Ek−t;k−tC1Ek;kC1D 0, we have
bk−tC1;kEk−t;kC1  0 mod MtC2:
Hence, bk−tC1;k D 0. It is easy to check that
−1Yk 
−1
Xt
−1D .Ek;kC1/  Ek;kC1 mod MtC1
and for i > k,
−1Yk 
−1
Xt
−1D .Ei;iC1/
 Ek;kC1 C .biC1−t;i C kCt;ibkk/EiC1−t;iC1 C biiEi;iCt mod MtC1:
Thus, (4) is true for t C 1. Therefore, we have proved that there exists an inner
automorphism Xn−1 of Nn.R/ such that
−1Xn−1
−1
D .Ei;iC1/  Ei;iC1 mod Mn−1:
Assume that
−1Xn−1
−1
D .Ei;iC1/ D Ei;iC1 C ciE1n; i D 1; : : : ; n − 1:
Set Z D E C cn−1E1;n−1 − c1E2n. Then
−1Z 
−1
Xn−1
−1
D .Ei;iC1/ D Ei;iC1; i D 1; n − 1;
and
−1Z 
−1
Xn−1
−1
D .Ei;iC1/ D Ei;iC1 C ciE1n; i D 2; : : : ; n − 2:
Set c D .c2; : : : ; cn−2/. Then
−1c −1Z 
−1
Xn−1
−1
D .Ei;iC1/ D Ei;iC1; i D 1; : : : ; n − 1:
Since the R-algebra Nn.R/ is generated by the set fE12; E23; : : : ; En−1;ng, we obtain
−1c −1Z 
−1
Xn−1
−1
D  D 1. Since Inn Nn.R/ G Aut Nn.R/, we have
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 D DcX
for some X 2 T n .R/. Hence,
Aut Nn.R/ D Dig Nn.R/  Cen Nn.R/  Inn Nn.R/: (8)
Next, we prove Cen Nn.R/ \ Inn Nn.R/ D 1. Let c D X, where c D
.c2; : : : ; cn−2/ and X D E CPi<j aijEij , be in Cen Nn.R/ \ Inn Nn.R/. Applying
them to the generators of the R-algebra Nn.R/, respectively, we have c.Ek;kC1/ D
XEk;kC1X−1 or c.Ek;kC1/X D XEk;kC1. It follows that for 2 6 k 6 n − 2,X
j>kC1
akC1;jEkj C ckE1n D
X
i<k
aikEi;kC1;
which implies that ck D 0. Hence, Cen Nn.R/ \ Inn Nn.R/ D 1 and so Cen Nn.R/ 
Inn Nn.R/ D Cen Nn.R/n Inn Nn.R/. It is not difficult to see that the subgroup
Dig Nn.R/ of Aut Nn.R/ normalizes both of the subgroups Cen Nn.R/ and
Inn Nn.R/. Furthermore, for any ’ 2 Cen Nn.R/n Inn Nn.R/, ’ acts trivially on
Ei;iC1 mod M2, i D 1; : : : ; n − 1. It follows that
Dig Nn.R/ \ .Cen Nn.R/n Inn Nn.R// D 1
and so
Dig Nn.R/  .Cen Nn.R/n Inn Nn.R//
D Dig Nn.R/n .Cen Nn.R/n Inn Nn.R//:
Finally, in view of (8), the proof of theorem is complete. 
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